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Abstract. The SRL (speciate re-entrant logic) of King (1989) is a sound, complete and decid-
able logic designed specifically to support formalisms for the HPSG (head-driven phrase structure
grammar) of Pollard and Sag (1994). The SRL notion of modellability in a signature is particularly
important for HPSG, and the present paper modifies an elegant method due to Blackburn and Spaan
(1993) in order to prove that

— modellability in each computable signaturd‘l%,

— modellability in some finite signature H;(l’-hard (hence not decidable), and
— modellability in some finite signature is decidable.

Since each finite signature is a computable signature, we concludé’[?ﬁad)mpleteness is the
least upper bound on the complexity of modellability both in finite signatures and in computable
signatures, though not a lower bound in either.
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1. Introduction

HPSG (head-driven phrase structure grammar) is one of several grammars created
during the eighties partly in protest at the increasingly vague and indeterminate
mathematical formalisms underlying the various forms of Chomskyan grammar.
Pollard and Sag (1994) envisage a formalism for HPSG in which formal-syntactic
entities called descriptions are closed under negation, conjunction and disjunction,
each description denotes a set of linguistic objects, and the negation, conjunction
and disjunction of the formal syntax denote respectively the complement, intersec-
tion and union of sets of linguistic objects. A theory is a set of descriptions, and
the denotation of a theory is the intersection of the denotations of its members.
The formalism expresses an account of a natural language as a theory that denotes
the collection of linguistic objects that the mature users of the natural language
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deem grammatical. Pollard and Sag (1994) do not themselves provide an explicit
formalism for HPSG, but rather cite a number of formal logics as candidate bases
for such a formalism. Among these candidates is the SRL (speciate re-entrant logic)
of King (1989), and Pollard (1998) develops a SRL-based formalism for HPSG that
relies heavily on the notion of a model of a description in a signature. The present
paper modifies an elegant method due to Blackburn and Spaan (1993) in order
to show thatT19-completeness is the least upper bound (but not a lower bound)
on the complexity of deciding if an arbitrary description in a finite or computable
signature has a nontrivial model.

2. Complexity Theory Prerequisites

Complexity theory has a rich and extensive literature in which occasionally very
similar terms mean very different things, and more frequently very different terms
mean very similar things. To avoid confusion, we define here the few complexity
classes and give the small number of standard or easily derived complexity theory
results the present paper needs. For éach N,

X is decidable(or recursive)
iff for some total recursive functiop from N to N, for eachn € N,

neXiff p(n) =0,

X is X9 (or recursively enumerabl
iff for some partial recursive functiop from N to N, for eachw € N,

n € X iff p(n) is defined, and

Xis 1'[(1J (or re-recursively enumerablg
iff for some partial recursive functiop from N to N, for each: € N,

n € X iff p(n) is not defined.

PROPOSITION 1For eachX € N,
X isT9iff N\ X is 9.
PROPOSITION 2For eachX € N,

X is decidable iffX is =9 and I19.

Proof. See Enderton (1977: theorem 6.2). O
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PROPOSITION 3For someX < N,
X is £? and not decidable.

Proof. See Enderton (1977: theorem 4.2 and p. 543). O
PROPOSITION 4For someX € N,

X is 19 and not decidable.

Proof. For someX € N,

X is 2 and notT1d. by Propositions 3 and 2
Thus, for someX € N,

N\ X is 1% and not decidable. by Propositions 1 and 2
O

For eachY € N, for eachZ € N,

Y reducesto Z
iff for some total recursive functiop from N to N, for eachn € N,

neYiff p(n) € Z.
For eachX € N,

X is M%-hard iff for eachY € N, if ¥ is T19 thenY reduces toX, and
X is I9-completeiff X is 19 andI1%-hard.

PROPOSITION 5For eachX € N,
if X is I19-hard thenX is not decidable.
Proof. For eachX < N,
X is M$-hard
— for someY C N,

Y reduces taX andY is not decidable by Proposition 4

— X is not decidable.
O
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As is common in the complexity theory literature, we frequently apply the no-
tions of complexity theory to sets of nonnumbers via some tacit Godel function.
For example, ifX is a set andc is a condition on members dof then we say
that{x € X | «(x)} is decidablex?/T1%/11%-hardf19-complete to mean that for
some implicit effective bijectiony from X to N, {y(x) | x € X andk(x)} is
decidable{/T19/119-hardf12-complete.

3. Speciate Re-Entrant Logic

SRL is a sound, complete (see King, 1989) and decidable (see Kepser, 1994) logic
for the HPSG of Pollard and Sag (1994). Here we review only those aspects of the
formal language of SRL that are germane to the present paper, and discuss neither
the logic of SRL nor the use of SRL to express a HPSG theory (see, instead, King,
1989, 1994; Kepser, 1994; Pollard, 1998).

Underlying a typical interpretable logic is the intuition that an assertion is a
finite and syntactically well-formed string of symbols that is either true or false
when interpreted. Underlying SRL is the intuition that a description is a finite and
syntactically well-formed string of symbols that is either true or faltan object
when interpreted. For example, the English description “it is black” is true of a
soot particle but false of a snow flake when interpreted. To capture these intuitions,
SRL provides a class of formal languages, each comprising a signature and a class
of interpretations. Each signature provides the nonlogical symbols from which de-
scriptions are syntactically constructed. Each interpretation provides a universe of
objects, and assigns each nonlogical symbol a meaning from which is generated
a denotation function that assigns each description the collection of objects in the
universe of which the description is true. An interpretation satisfies a description
iff the description is true of some object in the universe of the interpretation. An
interpretation models a description iff the description is true of each object in the
universe of the interpretation. Unlike in most interpretable logics, satisfiability and
modellability are not synonyms in SRL.

Triple (S, IF, A) is asignature iff
Sis a set,
Fis a set, and
A is a total function fron§ x F to Pow(S).

Suppose thak = (S, I, A) is a signature. We call each membeiSod speciesn
%, each member df afeature in X, andA the appropriateness functionin .
For notational facility we henceforth assume that none of the sympels~, —,
A, Vv, —, [ or]is aspecies or a feature. For each signaklire (S, I, A),

¥ is limited iff S is finite,
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Y is computableiff S is finite, F is countable and is recursive, and
¥ isfinite iff Sis finite andF is finite.

Notice that each finite signature is computable, and each computable signature is
limited. For each signature = (S, F, A),

triple (U, 8, F) is aninterpretation of X
iff U is a set,
4 is a total function fronfu to S,
F is atotal function fron¥ to the set of partial functions frorl to U, and
for eachy € T, for eacho € U,
F (¢)(0) is defined iffA($(0), ¢) # @, and
if F(¢)(0) is defined therm (F (¢)(0)) € A(S(0), ¢).

Suppose thak = (S, T, A) is a signature and = (U, §, ) is an interpretation

of . We call U the universe in {, each member ol an object in £, § the
species assignment functiomn {, and ¥ the feature denotation functionin {.

Each object inf is of one and only one species, aidassigns each object ih

its unigue species. Each species denotes the set of objects of that species: for each
o € S,0 denotesio € U | $(0) = o}. Each feature denotes a partial function
from U to U, andF assigns each feature the partial function it denotes: for each
¢ € I, ¢ denotesf (¢). The appropriateness function encodes —and the last line in
the definition of an interpretation enforces — a relationship between the denotations
of species and features: for eaghe S, for eachg € F, if A{o, ¢) = @ then the
denotation ofp acts upon no object in the denotationafand if A{o, ) # @

then the denotation af acts upon each object in the denotatiorzato yield an
object in the denotation of some specied\ia, ¢). For each signatur®, for each
interpretationf = (U, 8, ) of X,

Jistrivial iff U = ¢.
For each signatur® = (S, T, A), Ty andDy are the smallest sets such that

e Ty,

for eachr € Ty, foreachy € F, 19 € Ty,

for eachr € Ty, foreacho € S,7 ~ o € Dy,

for eachr, € Ty, for eachr, € Ty, 11 & 175 € Dy,
for eachs € Dy, =8 € Dy,

for eachs, € Dy, for eachd, € Dy, [61 A 82] € Dy,
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for eachs, € Dy, for eachd, € Dy, [61 Vv 82] € Dy, and
for eachs, € Dy, for eachd, € Dy, [61 — J2] € D

Suppose thak is a signature. We call each memberTgf aterm in X, and each
member ofDs. a description in X. For each signhatur& = (S, F, A), for each
interpretationf = (U, 4, ) of X,

T, is the total function fronfls to the set of partial functions frortl to U
such that

for eacho € U,
73 ()(0) is defined and™; (:)(0) = o, and
for eachr € Ty, for eachy € T, for eacho € U,
Ti1(te)(0) is defined iff7; () (0) and F (¢) (T3 () (0)) are defined, and
if 73(tp)(0) is defined thery; (t¢)(0) = F (¢)(T3(r)(0)), and
D, is the total function fronDs to Pow(U) such that
for eachr € Ty, for eacho € S,

T73(7)(0) is defined, and

Dy(r ~o)=30eU
8(T(0)(0) =0

for eachr, € Ty, for eachr; € Ty,

74 (11)(0) is defined,
Di(r1 ~ 1) =]{0e€ U| T;(r)(0) is defined, andy,
T4(t1)(0) = T3 (12)(0)

for eaché € Dy, Dy (=) = U\ Dy (3),
for eachs, € Dy, for eachds € Dy, Dy ([61 A 82]) = Dy (81) N Dy (82),
for eachs; € Dy, for eachd, € Ds, Dy ([81 V 82]) = D;(81) U Dy (87), and

for eachd; € Dy, for eachd, € Dy, Dy([61 — 82]) = (U \ Dy(61)) U
Dy (82).

Suppose thak is a signature and is an interpretation of. We call 7; the

term denotation function in £, and D, the description denotation function in

{. A term is the symbol followed by a finite string of features, and denotes the
functional composition of the denotations of its constituent features. Description
T ~ o is true of objecto iff term 7 denotes a function defined anto yield an
object in the denotation of species Descriptiont; ~ 15 is true of objecto iff
termst,; and t, denote functions defined amto yield one and the same object.
Description—4 is true of objecb iff § is false ofo. Description[§; A J,] is true of
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objectoiff §; is true ofo andd; is true ofo. Description[d; Vv 5] is true of objecb
iff 6, is true ofo or §; is true ofo (or both). Descriptiorid; — §,] is true of object
o iff 8, is true ofo whenevers, is true ofo. Each description denotes the set of
objects of which it is true.

We introduce a number of convenient notational conventions for signifying
terms and descriptions. Firstly, for each signatiire- (S, F, A), for eachp € T,

¢V signifies the empty string and for eaghe N, "+ signifiesg”¢.
Secondly, for each signatube,

for eachsg € Dy, [8o] signifiessdy, and

for eachn € N, for eachdy € Dy, .. ., for eachs, € Dy, for eachs, 1 € Dy,
[8o A ... A8y ASuya] signifies[[§o A ... A8, A 8,111, and
[8o V...V, V8,11 signifies[[So V ...V 8,1V 8,41].

Thirdly, for each signatur&,

/\ ¥ signifies: ~ :,

\/ ¥ signifies—: ~ :, and

for each finite and nonempty C Dy,
N\ 0 signifies[[§p A ... A 8,11, and
\/ 6 signifies[[§p v ... Vv 3,1,

where(do, ..., §,) is some fixed well-ordering .
For each signatur&, for eachs € Dy, for each interpretatiod = (U, 4§, F)
of &,

4 satisfiess in T iff D;(8) # ¥, and
J modelss in X iff Dy(5) = U.

Notice that for each signatui®, for eachs € Dy, for each trivial interpretatiod
of X, £ modelss$ in . For each signatur, for eachs € Dy,

§ is satisfiablein X iff for some interpretationy of X, { satisfiess in X, and
8 is modellablein X iff for some nontrivial interpretatiod of X, £ models
§inX.

SRL differs from most interpretable logics in that satisfiability and modellability
are not synonyms: though every modellable description is satisfiable, not every
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satisfiable description is modellable. For example, suppose that

S = {wife, husband,
F = {spouse},
A is the total function fron§ x IF to Pow(S) such that
A{wife, spouse) = {husband and A{husband spouse) = {wife},
¥ =(S,FA), and
8§ = [: ~ wife A :spouse ~ husband.

ThenX is a signature andl € Dy . Clearly,§ is satisfiable: an interpretation com-
prising one wife and one husband married to each other safistipially clearly,

8 is not modellable: a nontrivial interpretation that modglsan only comprise
wives, yet each wife must have a husband as the value ofdpmise feature.

Satisfiers are linguistically significant. For example, consider a test of the Eng-
lish language grammaticality of the sentence “I think.” The test comprises the
phonological string fabigk/, and is passed iff some sentence in the English lan-
guage has this string as its phonological component. Under the admittedly naive
Pollard and Sag (1994) treatment of phonology, the test can be rendered as the
SRL description

[: ~ phrase A :synsem local category subcat ~ empty-listA
:phonology first ~ al A :phonology rest first ~ 6igk A
:phonology rest rest ~ empty-lisi,

and is passed iff the English language, construed as a SRL interpretation, satisfies
the SRL description. The decidability of satisfiability is thus of some linguistic
utility, and Kepser (1994) shows that satisfiability is decidable in each computable
signature: for each computable signat®e{s € Dy | § is satisfiable inx} is
decidable.

Models are also linguistically significant. For example, the Pollard and Sag
(1994) theory of English comprises a set of principles, and is true iff each prin-
ciple in the theory describes each object in the English language. Each principle
in the theory can be rendered as a SRL description: the head feature principle is,
simplifying slightly, rendered as

[[: ~ phrase A :daughters ~ headed-structurp
— :synsem local category head ~

:daughters head-dtr synsem local category head].
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The theory can then be rendered as the conjunction of the SRL renderings of each
of its constituent principles, and is true iff the English language, again construed
as a SRL interpretation, models the conjunctidime decidability of modellability

is thus also of some linguistic utility. Unfortunately, the next section shows that
modellability is not decidable in each signature, not even in each finite signature:
for some finite signatur&, {§ € Dy, | § is modellable inz} is IM%-hard, and hence

not decidable.

4. The Complexity of Modellability

Blackburn and Spaan (1993) elegantly prove a series of complexity results for satis-
fiability in a family of propositional modal logics, including a lodi€R?~ named for
Kasper—Rounds logic (see Kasper and Rounds, 1986, 1990) augmented with master
modality 0. LKR™ satisfiability is very similar to SRL modellability, but differences
between_XR™ and SRL unfortunately mean that the Blackburn and Spaan (1993)
theorems concerning the complexity I0f3~ satisfiability do not apply directly to

SRL modellability. However, in this section, we modify the proofs of Blackburn
and Spaan (1993: theorems 4.1, 4.2 and 4.6) and furnish new proofs of our own in
order to show that

— SRL modellability in each computable signatureﬂi%
— SRL modellability in some finite signatureli;-hard, and
— SRL modellability in some finite signature is decidable.

4.1. MODELLABILITY IN EACH COMPUTABLE SIGNATURE IS IT%

Blackburn and Spaan (1993) show th&f= satisfiability in certainL¥R2 signa-
tures isT1{ by using (van Benthem, 1984) to correldté®® nonsatisfiability in
certainLKRA signatures and FOL (first-order predicate logic) inference in certain
FOL signatures. We similarly show that SRL modellability in computable SRL
signatures is[1$ by using (Aldag, 1997) to correlate SRL nonmodellability in
limited SRL signatures and FOL inference in certain FOL signatures. We assume
throughout this section that the reader is familiar with the rudiments of FOL.
Aldag (1997) first translates each limited SRL signature into a FOL signature
and an associated theory. Xf = (S, T, A) is a SRL signature then Aldag (1997)
considerss = (S, F) a FOL signature in which each memberSois a unary rela-
tion symbol and each memberBiis a binary relation symbol. We assume hence-
forth thatV is a fixed countably infinite set, and, y, z, yo, zo, Y1, 21, Y2, 22, - . .)

* In fact, the theory also comprises a lexicon, some lexical rules and some linear precedence
rules. However, all of these are expressible within SRL. For example, King and Simov (1998) give
an effective algorithm for automatically deducing from a finite SRL theory a classificatory system
suitable for the construction of a HPSG lexicon, Meurers and Minnen (1997) present an approach to
lexical rules that treats each lexical rule as a SRL description, and Richter and Sailer (1995) use SRL
to provide a broad yet rigorous HPSG account of word order in the German Mittelfeld.
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is a fixed well-ordering ofV. For each SRL signaturg, Wy is the set of FOL
formulae in FOL signatur& with equality~ and variables/. However, suppose
thatx = (S,F, A) is a SRL signature. A FOL interpretation &f need not be

a SRL interpretation ofZ, since nothing enforces on each FOL interpretation
of X the relationship between the interpretations of membei$ afid F that A
enforces on each SRL interpretationXf Instead, for each limited SRL signature
¥ = (S, F, A), Aldag (1997) captures as a set of FOL sentences3h For each
limited SRL signatures = (S, T, A),

Sign(y) = i‘v’x \/iolxl|o e S}}

o1 € S,
U Vx =[o1[x] Ao2[x]]| 02 € S, and
o1 # 02
UiVx Vy Vz [[glx, yIAplx, 2]l > y = z]|p € ]F‘}
o €S,
U Vx [olx] = 3y [plx. 1A /{0yl [ 0" € Ao, )11 | ¢ € F. and
Ao, p) #0
o €S,
UqVx [olx] = =3y ¢lx, yll| ¢ € F, and
Ao, @) =0

For eachy, for eachZ, for eachR C Y x Z, | R is the total function fronZ to
Pow(Y) such that for each € Z,

IR()={y €Y |(y,z) €R}.
PROPOSITION 6For each limited SRL signaturg, for each triple(U, 4§, ),

(U, 8, F) is a nontrivial SRL interpretation of
iff | 8 is defined,
(U, | 8, F) is a FOL interpretation ofz, and
(U, | 8, F) FOL satisfiessign(X) in .

Aldag (1997) next translates SRL descriptions into FOL formulae with unique free
variable x under the intuition that a descriptiohis true of an objecb iff the
translation o is true under a valuation that assignt® x. For each SRL signature

¥ = (S, F, A), Descy is the total function fronDy to W5 such that
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for eachn € N, for eachg, € F, ..., for eachy, € F, for eacho € S,
Descy(@1...9, ~O)
=3yo ... 3y [x = yo A alyo, yil A oo A@ulyn—1, yal Ao lyalll,
for eachmm € N, for eachn € N, for eachg, € F, .. ., for eachg,, € F,
for eachy] € I, ..., for eachy, € T,
Descy(:@1...0m X 19]...0))
=3y ... 3ym Iz0 ... Fzu [x = yo A @1lyo, il A oo A @l Ym—1, Y] A
x ~ zoA@ilzo, 2 A A @ zn-1, Za] A Y R 24l
for eachs € Dx, Descx (—8) = —Descx(§),
for eachs; € Dy, for eachd, € Dy,
Descy ([d1 A 82]) = [Descx (1) A Descx(82)],
for eachs; € Dy, for eachd, € Dy,
Descx([81 V 85]) = [Descx(81) V Descx(82)], and
for eachs, € Dy, for eachd, € Dy,
Descyx([61 — §2]) = [Descyx(61) — Descyx(82)].

PROPOSITION 7For each limited SRL signaturg, for each triple{U, 4§, ),
for each$ € Dy, for each oe U,

(U, 8, F) is a nontrivial SRL interpretation of, and
0e D;(5)
iff | & is defined,

(U, |8, F) is a FOL interpretation of,

(U, |8, F) FOL satisfiessign(X) in X, and
for each total functiorv fromV to U,

if u(x) = othen(U, |8, F) FOL satisfieDescy (8) underv in .
Proof. By Proposition 6 and arithmetic induction on the complexity.of O
Aldag (1997) uses the foregoing translations to correlate — among other things —
SRL modellability in a limited SRL signature and FOL satisfiability in the corre-
sponding FOL signature.
PROPOSITION 8For each limited SRL signaturg, for eachs € Dy,

8 is SRL modellable i iff Sign(X) U {Vx Descy(8)} is FOL satisfiable inz.
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Proof. Firstly, for each limited SRL signaturg, for eachs € Dy,

if 5 is SRL modellable irz
thensign(X) U {Vx Descy (8)} is FOL satisfiable irk. by Proposition 7

Secondly, suppose for each $etfor each sef, for each total functiorf’ from Z
to PowY),

TF={{,z)€eYxZ|yeF()}.
Thus, for each sef, for each sef, for each total functior from Z to Pow(Y),
ITF =F.

Thus, for each limited SRL signatube, for eachs € Dy,

Sign(X) U {Vx Descy(8)} is FOL satisfiable irz
— for some triple{U, 8, ),
(U, |14, F) is a FOL interpretation oE, and
(U, 148, F) FOL satisfiessign(X) U {Vx Descx(8)} in &
— for some triple(U, 4, F),
(U, 14, F) is a nontrivial SRL interpretation &t, and
(U, 14, F) SRL modelss in by Proposition 7

— § is SRL modellable irx.
O

We can, therefore, correlate SRL nonmodellability in a limited SRL signature and
FOL inference in the corresponding FOL signature.

PROPOSITION 9For each limited SRL signaturg, for eachs € Dy,
8 is not SRL modellable il iff Sign(X) FOL infers—Vx Descyx (8) in X.
Proof. For each limited SRL signatui®, for eaché € Dy,

§ is not SRL modellable irt

<= 5ign(X) U {Vx Descy (8)} is not FOL satisfiable ilt by Proposition 8
<= Sign(X) FOL entails—Vx Descx(8) in &

&= Sign(X) FOL infers—Vx Descy (8) in X.
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We can, therefore, deduce that modellability in each computable signaltlife is
THEOREM 10.For each computable SRL signature

{8 € Dx | § is modellable inz} is 1.

Proof. For each SRL signaturg,

3 is computable

= Wx is countable anfw € W5 | w € Sign(X)} is decidable
— {0 € Wy | w is sentential andign(X) FOL infersw in T} is =9
— {8 € Dy | Sign(X) FOL infers—Vx Descx(8) in T} is =9

— {§ € Dy | 8 is not SRL modellable irx} is Ef by Proposition 9
= {§ € Dy, | § is SRL modellable irE} is 1‘[8. by Proposition 1
O

4.2. MODELLABILITY IN SOME FINITE SIGNATURE IS IT12-HARD

Blackburn and Spaan (1993) base a very elegant proof that satisfiability in certain
LKRZ signatures id15-hard on thel1%-completeness of a tiling problem. Infor-
mally, a domino is a square with a fixed orientation and each edge bearing a
natural number. Two dominoes are alike iff their right edges bear the same number,
their left edges bear the same number, their top edges bear the same number, and
their bottom edges bear the same number. Alikeness is an equivalence relation on
dominoes, and a domino type is an alikeness class of dominoes. A set of domino
types tiles N iff dominoes of these types can cover a quadrant of the infinite chess
board in such a way that the adjacent edges of neighboring dominoes bear identical
numbers. It is known that the problem of deciding whether an arbitrary finite and
nonempty set of domino types can tile ¢ I12-complete. Formally,

T = N%,
neN,{t,...,t,} €T, and

B =13 ({,...,t,) | foreachi € {0,...,n}, foreachj € {0,...,n}, , and
|fl;éjthenf,§éf]

Q[:{a

We call each member &f atype, each member ¢f aproblem, and each member
of 2l anassignment For eachr, |, t,b) € T,

a is a total function from Nto N } .

mlght<ra |5 ta b) = r1
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Left(r,1,t,b) =1,
Top(r,l,t,b) =1, and
Bottom(r,l,t,b) = b.

For eactm € N, for eachp = (to, ..., t,) € B, for eacha € ,

a solvesp

iff for eachi € N, for eachj € N,
a(i, j) € {0, ..., n},
Right(ta;, ;) = Lefttqira,j)), and
Top(tai,j)) = Bottom(tag, j+1)-

For eachp € ‘33,

p is solubleiff for somea € 2, a solvesp.
Berger (1966) and Robinson (1971) prove the following proposition.
PROPOSITION 11{p € B | p is solublg is T19-complete.

We modify the Blackburn and Spaan (1993) proof (&t satisfiability in certain
LKR2 signatures i§19-hard in order to yield a similar proof that SRL modellability
in some finite SRL signature @&9-hard.

We first define a finite signatur® and a total recursive function # frof to
Ds.

S = {node true, false),

F= {file, rank, level, next, earth},

A is the total function fron§ x T to Pow(S) such that
A(node file) = {nodsg,

A(node rank) = {nods,
A(node level) = {true, false,
A(node next) = ,

K(node earth) = ¢,

Altrue, file) = 9,

K(true, rank) = @,

K(true, level) = 7,

A(true, next) = {true, false,
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true, earth) = {nodg,

false file) = @,

false rank) = ¢,

false level) = @,

false next) = {true, falsg}, and
false earth) = {nodg, and

T =T, A).

(
(
(
(
(
(

>) ) ) 2) ) )

PROPOSITION 12% is a finite signature.

#o, th, th, #, #4 and # are the total functions frofs to Ds such that for each
n € N, foreachp = (to, ..., t,) € B,

#o(p) = :file rank = :rank file,

#H(p) = \/ slevel nextt ~ truelk € {0, ..., n}},
kefo,..., n},
#(p) = /\ [:level next* ~ false v :level next’ ~ falsg |l € {0, ...,n}, andg,
k#£1
ke{0,...,n},

#3(p) = \/ [:level next‘ ~ true A :file level next' ~ truel |/ € {0, ..., n}, and },

Right(te) = Left(t;)
ke{0,...,n},

#a(p) = \/ [:level next‘ ~ true A :rank level next’ ~ truel |1 € {0, ..., n}, and ,

Top(ty) = Bottom())

and
#(p) = [: ~ node — [[#o(p) A #1(p) A #Ha(p) A #3(p) A #Halp)]].

PROPOSITION 13. #s a total recursive function froig to Ds .

We next define for each assignmerst nontrivial interpretatiord, of =, show that
if an assignment solves a problenp then 4, models #p) in 3, and show that a
nontrivial interpretation determines a solution of a problerhthe interpretation
models #p) in $. Thus, a problenp is soluble iff #p) is modellable inS. For
eacha € 2,

Q/Va:{v,-,jlieNandjeN},
Lo={M,;|ieN,jeNandk € N},
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Ug = Ny U Ly,

4, is the total function froni, to S such that
for eachi € N, for eachj € N, 4,(v; ;) = node and
for eachi € N, for eachj € N, for eachk € N,

v | true ifagi, j) =k
$a(Ai ;) = { false otherwise

¥, is the total function fronf¥ to the set of partial functions frof, to
U, such that
Fa(file) is the total function fromw;, to N, such that
for eachi € N, for eachj € N, F;(file)(v; ;) = vit1;,
Fa(rank) is the total function fromw, to ., such that
for eachi € N, for eachj € N, F;(rank)(v; ;) = v; 1,
Fa(level) is the total function fromw, to .£, such that
for eachi € N, for eachj € N, F,(level)(v; ;) = k,?j,
Fa(next) is the total function from£, to £, such that

for eachi € N, for eachj € N, for eachk € N, ?‘a(next)()»ﬁ{j) =\t

ij !
and
Fa(earth) is the total function from£, to N, such that

for eachi € N, for eachj € N, for eachk € N, }'a(earth)(kfij) =V,
and

la = <uav 5a’ ?a>-
LEMMA 14. For eacha € «,
{4 is a nontrivial interpretation of:.

Suppose that € 2. We call each member oV, a node and each member of

L, alevel indicator. The nodes emulate an upper right quadrant of an infinite

chessboard, withg o as the lowest and leftmost node of the quadrant, fedilere
mapping node; ; to its immediate neighbar;. 4 ; in the next file rightwards, and
featurerank mapping node; ; to its immediate neighbow; ; ., in the next rank
upwards. Figure 1 depicts the quadrant emulated by the nodes. Ree¢ureaps

nodev; ; to level indicatork,?j, the first in an infinite chairlgj, A}J, Aﬁj, ...of

level indicators, with featur@ext mapping level indicaton ; to its immediate
successokfijfl in the chain, and featurearth mapping level indicatoi* ; tothe

source node; ; of the chain. In each chain?_j, Ail_j, A,.Zl., ... of level indicators,



V0,3 : v2, V3,
file file file
/ank rank rank rank
V0,2 V1, v2, V3,
file file file file
/ank rank rank rank
V0,1 v, 1% V31 AL e
file file file file
/ank /ank /ank /ank
V0,0 - V1.0 . V2.0 . V3, P P
file file file file

Figure 1. Quadrant emulated by nodes.
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level indicator)»i‘j’j "is of speciedrue and all other level indicators are of species
false Figure 2 depicts the chain of level indicators associated with mpde

LEMMA 15. For eachp € 93, for eacha € «,
if a solvesp thend, modelst(p) in =.
Proof. For eachi € 2, for eachi € IN, for eachj € N,

v, ;j € Dy, (file rank ~ :rank file),

v ; € Dy, (level next®J) ~ true),

for eachk € N, if k # a(i, j) thenv; ; € D, (:level next* ~ false),

Vi j € Dy, ([:level next™) ~ true A file level next®+1J) ~ true]), and
Vi j € Dy, ([:level next™/ ~ true A :rank level next®/T1) ~ true]).

Thus, for eacln € N, for eachp = (to, ..., t,) € B, for eacha € ,

a solvesp

— foreachv € Ny, v € Dy, ([Ho(p) A #1(p) A #Ha(p) A #(D) A Hp)])
= for eacho € U, 0 € Dy, (#(p))

— 4, models #p) in <.

LEMMA 16. For eachp € 3, for each nontrivial interpretation of £,
if 4 models#(p) in = thenp is soluble.

Proof. For each nontrivial interpretatioh = (U, 4§, ) of ¥, for eachn € N,
foreachp = {tg, ..., t,) € L,

4 models #p) in &
— 4 models #p) in £, and
for someo € U,
4(0) = nodeor $(0) = true or §(0) = false
= 4 models #p) in £, and
for someo € U,
4(0) = nodeor (F (earth)(0) is defined and (¥ (earth)(0)) = hodé
— { models #p) in $ and for some € U, 4(0) = node
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earth
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next
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Ajj  false
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a7 Vrye
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afi.j)—1 false
ij )

next

next

< 0 >
)Ll.,j false

level

/nnr

Vi, j

Figure 2. Chain of level indicators associated with a node.
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— 4 models #p) in £, and
for someo € U, for eachi € N, for eachj € N,
7, (file’ rank’)(0) is defined ands (7 (:file’ rank/)(0)) = node
— for someo € U, for eachi € N, for eachj € N,
7, (:file’ rank’)(0) is defined, and
Ty (file’ rank?)(0) € Dy ([Ho(p) A #(p) A #H(p) A thap) A HP)
— for someo € U, for eachi € N, for eachj € N,
0 € D, (file’ ™ rank’/ ~ -file’ rank’ file),
for some uniqué € {0, ..., n}, 0 € D, (file’ rank’ level next* ~ true),
for somek € {0, ..., n}, forsomel € {0, ..., n},
0 € D, (file' rank’ level next* ~ true),
0 € D, (file’** rank’ level next’ ~ true), and
Right(t,) = Left(t), and
for somek € {0, ..., n}, forsomel € {0, ..., n},
0 € D, (:file’ rank’ level next* ~ true),
0 € D, (:file’ rank/** level next' ~ true), and
Top(ty) = Bottom(t)

— for somen € 2, a solvesp leta(i, j) be the uniqué € {0, ..., n}
such thab e D (file’ rank’ level next* ~ true)

— p is soluble.

O
PROPOSITION 17For eachp € B,
p is soluble iff#(p) is modellable ins.
Proof By Lemmata 14, 15 and 16. O

By Proposition 17, # effectively reduces thi§-hard problem of determining whether
an arbitrary finite and nonempty set of domino types can tifeté\the problem

of determining whether an arbitrary descriptionSinis modellable in%. Conse-
quently, modellability inZ, a finite signature, i§1%-hard.

THEOREM 18.For some finite signature,

{8 € Dy | § is modellable in} is M19-hard.
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Proof. By Propositions 13 and 17,

{p € P | pis solublg is reducible to{§ € Ds | § is modellable i),
Thus, by Proposition 11,

{8 € Ds | § is modellable inz} is M9-hard.
Thus, by Proposition 12, for some finite signatiie

{8 € Dy | § is modellable inz} is I1%-hard.

4.3. MODELLABILITY IN SOME FINITE SIGNATURE IS DECIDABLE

Theorem 18 shows that modellability in some, but not necessarily all, finite signa-
tures isI19-hard. We now show that the existential quantification of Theorem 18 is
essential by showing that modellability in some finite signature is decidable, and
hence nof12-hard. For each signatuie = (S, T, A),

¥ is terminating
iff for eachn € N,

if for some{oy, ..., 0,} C S, for some{e, ..., ¢,} CF,
oo =0, and foreachm € {1, ..., n}, 0, € Aoy_1, On)
thenn = 0.

We show our desired result by proving that modellability in each finite and termi-
nating signature is decidable. Our proof uses the morphs and admission relation of
King (1994). For each signatuie,

wis amorphin X
iff uisatriple(B, o, A),
B < Ts,
1€ B,
for eachr € Ty, for eachy € F, if t¢ € B thent € 8,
o is an equivalence relation ovgr
for eachr, € Ty, for eachr, € Ty, for eachy € F,
if 119 € B and(ty, 12) € o then(ri¢, 129) € o,
A is a total function fromg to S,
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for eachr, € Ty, for eachr, € Ty,

if (11, 7o) € o theni(ty) = A(1p),
for eachr € Ty, for eachy € F,

if tp € Btheni(tp) € AM(T), @), and
for eachr € 8, for eachy € F,

if A(A(7), ) # Athenty € B.

For each signaturZ, we writeM, for the set of morphs iix.
PROPOSITION 19For each finite and terminating signatube,
M, is finite and for eaclu = (B, 0, A} € My, B, 0 andA are finite.
Proof. Suppose that for each signatie= (S, [, A),

foreach{e;...¢,} CF,
Q1. .. @, Iis legitimate inX

iff for some{oy, ..., 0,} C S,foreachm € {1,...,n}, 0, € Aop_1, ¥n),
and

Ly = {1t € Ty | 7 is legitimate inX}.
Then for each signature = (S, F, A), for eachu = (8, 0, A) € My,

B < Ly,
QQLE x s, and
AQLZ x S.

Thus, for each signature = (S, T, A),

¥ is finite and terminating
= S is finite andLy is finite

— M is finite and for eaclu = (B, 0, A) € My, B, 0 andA are finite.
|

For each signatur® = (S, T, A),

foreachr € Ty, 7 +: =1,
for eachr, € Ty, for eachr, € Ty, for eachp € T,
71 + 129 = (11 + T2)9, and
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for eachu = (B8, 0, A) € My, for eachr € Ty,
B/t ={t'eTs | T+ 1" € B},
o/t ={(t1, 2) € Ty X T | (t + 71, T + 72) € 0},
At ={{t/,o) e Tg xS | (t+1/,0) € A},and
w/t=(B/t,0/T, A/T).

PROPOSITION 20For each signaturex, for eachu € My, for eacht € 8,
,bL/T € My.

For each signatur& = (S, F, A), My is the total function fronDs, to Pow(M, )
such that

for eachr € Ty, foreacho € S, Mx(t ~ o) = {(B,0,A) € Mx|(r,0) € A},
for eachr; € Ty, for eachr; € Ty,

Mz (1~ 1) = {(B, 0. 1) € Ms (11, 2) € 0},
for eachs € Dy, M5 (—8) = My \ Mx(3),
for eachs; € Dy, for eachd; € Dy, M5 ([61 A 82]) = Mx(81) N Mx(82),
for eaché; € Dy, for eachd, € Dy, M5 ([81 V 82]) = Mx(61) U Mx(82), and
for eachs; € Dy, for eachd, € Dy,

Mz ([61 = 82]) = My \ Mx(81)) U Mx(82).

For each signatur® = (S, T, A), for eachs € Dy, for eachu = (8, 0, A) € My,

wu satisfiess in X iff 4 € Mx(8), and
8 admits p in X iff foreacht € 8, u/t € Mx(9).

PROPOSITION 21For each signaturez, for eaché € Dy,
8 is modellable inx iff for someu € My, § admitsu in X.

Proof. Firstly, to prove from left to right, we construct for each object in each
interpretation a corresponding morph such that a description is true of an object
iff the morph corresponding to the object satisfies the description. Thus, if a non-
trivial interpretation models a description then the description admits the morph
corresponding to some object in the interpretation. Formally, suppose that for each
signatureX = (S, F, A), for each interpretatiod = (U, §, ) of X, for each
oe U,

B; = {r € Ts|T:(2)(0) is defined} :
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T4 (11)(0) is defined,

0) = { (r1, 1) € Ty x Tx | T4(12)(0) is defined, and} ,
T1(11)(0) = T3 (72)(0)

73 (7)(0) is defined, and

2] =1(t,0) €Ty xS , and
$(T1(1)(0) =0

g = (B 09, 19).

Then for each signaturg, for each interpretatiod = (U, §, ) of X, for each
oe U,

n§ € My, and
for eachs € Dy,

0 D;(8) iff ug € Mx(9). by arithmetic induction on the
complexity ofé

Thus, for each signature = (S, IF, A), for eachd € Dy,

8 is modellable inx
— for some nontrivial interpretatioh = (U, §, F) of X, £ modelss in &
— for some interpretatiod = (U, 4, ) of X, for someo € U,
for eachr € Ty,
T ey
— 73(2)(0) is defined and:%/t = )V
—> u§/t € Ms(8)
— for some interpretatiod = (U, 4, ) of X, for someo € U,
§ admitsu§ in X
— for someu € My, § admitsu in X.

Secondly, to prove from right to left, we construct for each morph a corresponding
nontrivial interpretation such that a description admits a morph iff the interpretation
corresponding to the morph models the description. Formally, suppose that for each
signatureX = (S, IF, A), for eachu = (8, 0, A) € Mz,

for eachr € g, [t], is the equivalence class ofin g,
‘uu = {[f],u | TE ﬂ}i
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4, is the total function fron, to S such that for each < g,
8. ([t],) = A1),
¥, is the total function fron¥ to the set of partial functions from(, to U,
such that for each < T, for eachr € 8,
Fu(p)([r],) is defined iffrp € B, and
if #.(¢)([t],) is defined therF, (¢)([t],) = [t¢],, and
L= Uy, 84, Fpu).

Then for each signaturg, for eachu = (8, 0, 1) € My,

4, is a nontrivial interpretation oE, and
for eaché € Dy, for eachr € 8,
wn/t € Mx() iff [t], € Dy, (8). by arithmetic induction on the
complexity ofé

Thus, for each signaturg, for eachs € Dy,

for someu € My, § admitsu in ©

— for someu = (B8, 0, A) € My, for eachr € 8, u/t € Mx(5)
— for someu = (B, 0, ) € My, for eachr € g, [t], € Dy, (5)
— 1, modelss in X

— for some nontrivial interpretatios of X, 4 modelss in =
— § is modellable inx.

PROPOSITION 21For each finite and terminating signatube,
{6 € Ds. | § is modellable inx} is decidable.
Proof. For each signaturg,

¥ is finite and terminating
— M is finite and for eaclu = (B, 0, A) € My, B, 0 anda are finite

by Proposition 19
= {§ € Dy, | for someu € My, § admitsu in X} is decidable

— {§ € Dy | 6 is modellable inz} is decidable. by Proposition 21
O



108 P.J. KING ET AL.

We immediately have that modellability in some finite signature is decidable.
THEOREM 23.For some finite signature,
{6 € Dy | § is modellable inz} is decidable.

Proof. (@, @, ¢) is a finite and terminating signature. Thus, for some finite sig-
naturex,

{6 € Ds | 6 is modellable inx} is decidable. by Proposition 22
O

5. Conclusions

In the previous section we proved

— Theorem 10: modellability in each computable signatui@ds
— Theorem 18: modellability in some finite signature'li%hard, and
— Theorem 23: modellability in some finite signature is decidable.

Since each finite signature is a computable signature, we can draw two conclusions.
Firstly, T19-completeness is a least upper bound on the complexity of modella-
bility in both finite signatures and computable signatures, since modellability in
all computable signatures (hence all finite signatureg)$sand modellability in

some finite signature (hence some computable signaturEf-isard. Secondly,
119-completeness is not a lower bound on the complexity of modellability in either
finite signatures or computable signatures, since modellability in some finite signa-
ture (hence some computable signature) is decidable, hen€&+wtrd. This last
observation raises an interesting question. Is there a syntactic characterisation of all
— or at least some — of those finite or computable signatures in which modellability
is decidable? Proposition 22 shows that modellability is decidable in all finite and
terminating signatures, and this is certainly a syntactic characterisation. However,
this result is of very limited linguistic use, since no linguistically useful signature
we know of is terminating. For example, simplifying slightly, in the SRL rendition
(S, IF, A) of the HPSG signature of Pollard and Sag (1994),

headed-structure A(phrase daughters), and
phrasec A(headed-structurghead-dtr).

Whether there exist syntactic characterisations of linguistically useful finite or
computable signatures in which modellability is decidable is an open question for
future research.
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